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S-duality in QFT

In classic QFTs, “S-duality” means the invariance of the theory under
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For this to make sense,       must be a free parameter.

( The β-function must vanish. )
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• The space of      has a single cusp 
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           SU(N) QCD 

w/ 2N flavors
S :
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• The S-duality group is smaller than PSL(2,Z).

( except in the N=2 case )
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• The physics at           is understood via a new “S-duality.”
’07 [ Argyres-Seiberg ]

’09 [ Gaiotto ]

’10 [ Chacaltana-Distler ]

class S dualities

AGT relation

etc.

• This duality is interpreted as N M5-branes wrapped on 

This interpretation led to the discovery of
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The moral

• Understanding S-duality reveals non-trivial relations among N=2 CFTs.

• S-duality sometimes predicts the existence of new N=2 CFTs, which 

would be useful in classifying 4d N=2 CFTs.

4d          CFTs

Lagrangian
M5-brane 

construction
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My talk today

• Introduce yet another class of            S-dualities.

• Its Schur index is obtained via a change of variables from that of 

exotic AD

S-dual

N

ADN ADN AD3SU(N) SU(2)

Argyres-Douglas (AD) theory  

w/ SU(N) flavor sym.

mysterious AD theory
( poorly understood )
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RG-flow

w/ quarks, monopoles 

kept massless strongly coupled   
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N M5-branes compactified on
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• The following gauging is exactly marginal:

flavor U(N) N

ADNSU(N)

β  =  2N  +  N  +  N  -  4N  =  0

N ADN SU(N)

S-duality for N

N

ADN ADN

ADN
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U(N)

S-dual AD3 SU(2) something

U(1) SU(N)
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( The flavor sym, the spectrum of Coulomb branch ops. match. )

• The SW curve argument.
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S-dual
AD3 SU(2) something

N

ADNSU(N)ADN

We now compute the Schur index of this guy.
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Index of the gauge theory
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+(      a change of flavor fugacity )
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Schur index relation
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x 2 ~y

<latexit sha1_base64="2Fvcklm1TtgBSGn9j6xaaO/PQ2k="></latexit>

I(q; ~y)
<latexit sha1_base64="dzZddTTm9cxZ1NOk4KflsqKEszo="></latexit>

Haar measure

~y
<latexit sha1_base64="2Fvcklm1TtgBSGn9j6xaaO/PQ2k="></latexit>

~z
<latexit sha1_base64="rS80AuIqJQzSP3bteunC2HpX+5Q="></latexit>

: flavor U(N) fugacity

: color SU(N) fugacity

=

I

|zk|=1

 
N�1Y

k=1

dzk

2⇡izk

!
�(~z) Ivec(q; ~z) ⇥

 �2
⇥ Ihyp(q; ~z, ~y)

<latexit sha1_base64="NVDrafDrYPyDi8T5LbKlqOO0OxU="></latexit><latexit sha1_base64="NVDrafDrYPyDi8T5LbKlqOO0OxU="></latexit><latexit sha1_base64="NVDrafDrYPyDi8T5LbKlqOO0OxU="></latexit><latexit sha1_base64="NVDrafDrYPyDi8T5LbKlqOO0OxU="></latexit>

U(N)

IADN (q; ~z)
<latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="E2tqIahd2wXj+HINEeyvuHPSpxQ="></latexit><latexit sha1_base64="KA6JGUBhy5TSeojy4bi8fWkpKgI="></latexit><latexit sha1_base64="jmpkz1q+IPxfNinBJ7HCl0t7qng="></latexit><latexit sha1_base64="2f/ByLvA7pivwpr0M1iCsv35UgQ="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit><latexit sha1_base64="OCgdUQq1KmV4qa+67SVAQ38Erp0="></latexit>

N

N

ADN ADN



=

Schur index of 

Schur index of w/ q ! q2
<latexit sha1_base64="0cAgLcN1XUdSlL32kNsQHGWiuhE="></latexit><latexit sha1_base64="0cAgLcN1XUdSlL32kNsQHGWiuhE="></latexit><latexit sha1_base64="0cAgLcN1XUdSlL32kNsQHGWiuhE="></latexit><latexit sha1_base64="0cAgLcN1XUdSlL32kNsQHGWiuhE="></latexit>

N

N

ADN ADN

WOW!

SU(N) QCD

N 2N

I = Tr
h
(�1)F qE�R ⇥ (· · · )

i

<latexit sha1_base64="fWyX7Vj3id69mfXxFxj3coRXgPs="></latexit>

E
<latexit sha1_base64="vbR59Cy2BZhZJRhDstNivHweid0="></latexit>

R
<latexit sha1_base64="Iu/R89w7R5fo5gnZBn8uMlaAFEg="></latexit>

: scaling dim : SU(2)R charge



Outline

1.    S-duality for  

2.    Schur index relation    

3.    Interpretation in the S-dual side
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ADN ADN
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S-dual

SU(2)AD3

index of index of 

inversion formula9
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Interpretation in the dual side
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S-dual
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’10 [ Gadde - Rastelli - Razamat - Yan ]

• The Schur index is invariant under the duality.

Inversion formula
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• The Schur index is invariant under the duality.

Inversion formula

I
 

<latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit>

!

<latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit>

I
 

<latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit>

!

<latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit>

R0,N
<latexit sha1_base64="amn46KGoKnAnbdSMIwJi7//Cydc="></latexit><latexit sha1_base64="SrlooNWBzSnvTqtEnaq2hwNk2N4="></latexit><latexit sha1_base64="SrlooNWBzSnvTqtEnaq2hwNk2N4="></latexit><latexit sha1_base64="f0oKQ8AEcUpSlcc78AU95Px64Fg="></latexit>

1 SU(2)=

U(1)

: color SU(2)z
<latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit>

: flavor U(1)a
<latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit>

z
<latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit>

“Fourier transform” of a function of      

into a function of a
<latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit>

“inverse Fourier trasform” :9
<latexit sha1_base64="eFSYLrQStjRRwXXUKa5l052JPNk="></latexit><latexit sha1_base64="eFSYLrQStjRRwXXUKa5l052JPNk="></latexit><latexit sha1_base64="eFSYLrQStjRRwXXUKa5l052JPNk="></latexit><latexit sha1_base64="eFSYLrQStjRRwXXUKa5l052JPNk="></latexit> 2NSU(N)I

 

<latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit><latexit sha1_base64="JOVV+uao8rImTARxTqJR77AfMsw="></latexit>

!

<latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit><latexit sha1_base64="V1nvtrGUMAd2Uor1s438I3j8AZk="></latexit>

fromIR0,N (q; z, ~y)
<latexit sha1_base64="SsscGmfS/mqGIbLv2rhfgmKshtQ="></latexit><latexit sha1_base64="SsscGmfS/mqGIbLv2rhfgmKshtQ="></latexit><latexit sha1_base64="SsscGmfS/mqGIbLv2rhfgmKshtQ="></latexit><latexit sha1_base64="SsscGmfS/mqGIbLv2rhfgmKshtQ="></latexit>

a
<latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit><latexit sha1_base64="RhmGdxX1z1GCL0shupeeK5LVZ88="></latexit>

z
<latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit><latexit sha1_base64="QEQJFw6+Ac3AUhAXgbtPPPW77xU="></latexit>



Interpretation in the dual side
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We obtain a closed-form formula for the Schur index of                   !! exotic AD
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Summary

• We found Schur index of 
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various NEW S-dualities• Infinite generalizations
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N

ADN ADN

S-dual
exotic ADSU(2)AD3

• We propose

• Open problem:  Reason for the index relation???

Other quantities consistent w/ the relation???
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