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[Banks Douglas Horowitz

- Relevant RG defromation

[Girardelle Petrini- Porrati-

- Wilsonian RG scale

[Heemskerk

- Relative coordinate in bhilocal field
[Das

- Entanglement entropy, cMERA
[Ryu
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: How?

Ve O
CFTonR%  ————— Gravityon AdS,,,
[Banks Douglas Horowitz

A new approach of holography
Flow equation method

Advantage: A solution generating technique of GR system

[Das

- Entanglement entropy, cMERA
[Ryu
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(Gradient) flow equation |




(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor

[Albanese et al. (APE) '87] [NarayanaNeuberger '06] [Luscher '10,'13]

2. describes anon-local course-graining of an operator.




(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor
[Albanese et al. (APE) '87] [NarayanaNeuberger '06] [Luscher '10,'13]
2. describes anon-local course-graining of an operator.
1

ConsideraCFfwhi ch contains a (¢(x)p(x2)) = —5x°
12
Free flow equation L12 = T1 — T2

Op(z;n) _ a2
on )

o(z;n).  ¢(x;0) = ¢(z)
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(Gradient) flow equation

1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor

[Albanese et al. (APE) '87] [NarayanaNeuberger '06] [Luscher '10,'13]

2. describes anon-local course-graining of an operator.

ConsideraCFfwhi ch contains a {(¢(x)p(xz)) = x%c g
Free flow equation L1z o= L1 — 22
0o (x;
AEN) — oam). o(2:0) = o(a)
N
2 p e—(x=y)?/4n
The solution:  o(ein) = [ dyK@—ynow). K@) = T

' Reminiscent of the block spin transformation!?
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(Gradient) flow equation
1. was introduced to help numerics of lattice QCD. cf. def of stress energy tensor
[Albanese et al. (APE) '87] [NarayanaNeuberger '06] [Luscher '10,'13]
2. describes anon-local course-graining of an operator. ,
1
ConsideraCFfwhi ch contains a (¢(x)p(xz)) = x%QAC ,
Free flow equation Ti2 1= T1 — T2
Og(z;m
W) — o). o(a:0) = (x)
gl i
The soluti Ay K K e~
e solution: x;m) = x — v . x—y;n) =
oain) = [ 'y K (- yin)oly) ey = T §
' Reminiscent of the block spin transformation!?
Claim: Contact singularity in 2pt function is resolved.
1 rh :
(P(z1;m)p(x2;m2)) = —x F(—=51) Nt =M + 02 !
[/ T+ i
11 = =
F(?}; 1) _ _ / dU(l . u)d/2—A—1€—’vu/4uA—1 d— 2 <A< d—1
(4m)2 Jo 2 = 2
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Construction of holographic space

[Aoki- Kikucht
[Aoki- Balog Onogt

[Aoki-




Metric operator and holographic metric

[Aoki- Kikucht - Balog Onogt
Def. (Normalized operator)
a ¢ (z; 1) 1
o’ (x;m) = @l N b (e Y\ - sab
V(b (x3m)?) (o ()™ (wm)) = 2.0

NOTE: This is welldefined due to the absence of the contact singularity.




Metric operator and holographic metric

[Aoki- Kikuchi - Balog Onog
Def. (Normalized operator)
a ¢ (x;t) = %
o(x;n) = . ) 1w ,.::
V(@b (5 m)?) (o (@mo®(z:m)) = —6

NOTE: This is welldefined due to the absence of the contact singularity.

Def. (Metric operator)
0 0
pa . — 1 a . a( /. [/
gAB(x7T}) (w’,n’;I—I)l(w,?’]) 8XAO_ (33777) 8X/BO- ('CC 777 )7

(X4 = (zM,7) with 7 := \/n/«

NOTE:

1. An induced metric can be interpreted as theinformation metric. [Aoki- SY '17]

2. The metric operator is singlet under the transformation related to the index.




Metric operator and holographic metric

[Aoki- Kikucht - Balog Onogt
Detf. (Normalized operator)
a ¢ (z; 1) 1
o’ (x;m) = @l N b (e Y\ - sab
V(b (x3m)?) (o ()™ (wm)) = 2.0

NOTE: This is welldefined due to the absence of the contact singularity.

Def. (Metric operator)
0 0
pa . — 1 a . a( /. [/
gAB(x7T}) (a:’,n’%r—r:(a:,n) aXAO- (33777) 8X/BO- ('CC 777 )7

(X)) = (2, 7) with 7 := /n/a

NOTE:
1. An induced metric can be interpreted as theinformation metric. [Aoki- SY '17]

2. The metric operator is singlet under the transformation related to the index.

Def. (Metric of the holographic space)

gap(X) = (gap(z;n))




Explicit computation of holographic metric

Let us compute the induced metric in this free O(n) vector model.

(o(esim)otezim) = (1 )A F ("U—) F(u) == Fo(us 1)/ Fy(0: 1)

T+ T+
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Explicit computation of holographic metric

Let us compute the induced metric in this free O(n) vector model.

(a(xl;m)a(aﬁg;ng»:(Qm) (x”) F(u) = Fo(u; 1)/ F(0;1) :

T+ T+

1+ M+ n?28+2  4p?

N 2 9 s\ D 9 2
g’Lj(X) :hm&,ﬁj/ ( 771772) F(@) p— lim(‘?j/ ( 771772) 251312 F’(@)

T+ T+ T+ T+

N A A
= G (X) =1im 0,0 ( 771772> F(@) = 2% = 75

C ne m 2 1

5,0, \/47777 \/47777 A1 A 1

A+1

_>
e St 2 T2 2
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Explicit computation of holographic metric

Let us compute the induced metric in this free O(n) vector model.

<0(w1;n1)0(w2;772)>=<2m> (x) F(u) == Fo(us 1)/ Fy(0: 1)

TH- TH-

2 /mmz\ > x?
—> gm(X)zlimé?n@n/( ”“72> pfzy_ga B A

N+ M+ n228+2 42
2./ A 2 2./ A 2t 2
T+ T+ T+ T+ T+
N ) 2 oo .
H ( 771772> ]F/(@) _ JF/(O)
N+ N+ T+ n
o | 1/4 VA A /
7777 - Z—?l E(—l + 77_) — 0,
S e ny n
9,0, \/47777 \/42171 A 1 1 é%
77-|— ny 2 N 2 2n
A —1 . A dz>2 + (dxz)Q
2 2 / ) _ / i
e = de + F (O)T(dfc ) = ?dz + F (O) 3 (d:c ) = A( > ) 8
F’(0 d—9
n=az’ with o = — 0) _ 1/2d AdSmetric!! Lyys=A=——
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Smearing- EXxtra direction
HO HTl HT2

\\Cb(f\;?? S ¢(x;1m2) @

T2

0 ds? = Ding(pzy, portaz)” = gun (2)dz™ dz"
[Aoki- SY '17]

Cf. Gelfand Shirov thm
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Boundary < > Bulk

g AdS/ CFTw

N

CFT on s> Gravity on AdS,,,

[Aoki-
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Boundary < > Bulk

g AdS/ CFTw

N

CFT on s> Gravity on AdS,,,

[Aoki-
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Boundary

NR CFT on R¢1

Lifshitz FT on R-¢1

NR CFT on R:¢1

Holography
Bulk

N

\\\ uAdS/CMPv

v

Flow equation

4 AdS/ CFTuy
: s> Gravity on AdS,,,

[Aoki-

Grawty on Sch,,

[Aoki- SY-

on LlfsOI+1

< N
S e

[Aoki- SY- [Kachru Liu-

Gravity on NRH,

[Aoki- Balog SY-
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Holography

v

Boundary < Bulk

Flow equation
N #AdS/ CFTuy
CFT ON\ M ————= Gravityon AdS,,,
[Aoki-

AdS/ C MP
NR CFT on R.41 H éj raV|ty on S(;hj

on LlfsOI+1

LifshitzFT on R¢1 - :

oy [Kachru Liu-

R CET on R¢1 < > Gravity on NRH, .,
[AokiF SY- [Aoki- Balog SY-

#4dS/ CFTuy
dl——— = GravityondS,
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JR CFT on R4l

shitz FT on B¢l

R CFT on R4l

N) VM on R-¢

1

Holography
Bulk

N

, _4AdS/CMPy

v

Flow equation

AdS/ CFT
= Gvrawty on AdS,,,

[Aoki-

Grawty on Sch,,

on LlfsOI+1

[Aoki- SY- [Kachru Liu-

Gravity on NRH,

[Aoki- Balog SY-

il N
N 7

[AckiFSY-

#dS/ CFTuy
: s> Gravity onds,,,

CFT onw

——— Gravity on AdSBH,, ,
Today

[Aoki- Onogt
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EXxpectation
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Conflne/Deconflne V.S. Hawklng Page
Boundary < > Bulk

N=4 SYMon Rix & 22951 €F {9he 11B on gAdS,,




Conflne/Deconflne v.Ss. Hawking Page
Boundary < > Bulk

N=4 SYM on Six &

Ea i e %‘/’pe 1B on gAdS,

: +1
T<Tc: Confinment phase - > T<Tc: Thermal gAdS
T>Tc: Deconfinment phase < > T>Tc: gAdSBH




..............

T,

Boundary <

N=4 SYM on Six &

T<Tc: Confinment phase

T>Tc: Deconfinment phase

e AT A R e Rt T e e A e

Confine/Deconfine v.s. Hawking Page

C
R
Deconfinement phase
AdSBH

> Bulk

e s %{/’pe IIB on gAdS,,

T<Tc: Thermal gAdS

T>Tc: gAdSBH

Hawking-Page transition

Confinement phase

Thermal AdS

I
!!!!
1
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Confine/Deconfine v.s. Hawking Page
Boundary < > Bulk

N=4 SYM on Six &

N

e s %{/’pe IIB on gAdS,,

T<Tc: Confinment phase - > T<Tc: Thermal gAdS
T>Tc: Deconfinment phase < > T>Tc: gAdSBH
C
Tﬂ — ﬁ
T 4 Hawking-Page transition

Deconfinement phase

AdSBH

CFTon Sx K

Confinement phase

Thermal AdS

We expect this behavior
. 1R for generic CFT onS'x &
0 >

4t e AT A R e Rt T e e A e

4
!!!!
5
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Vector—ModeI/ngher Spln duallty

Boundary : > Bulk

VM/ HS
VMon SIxRd >® HSon AJSBH

[Klebanov d+1

Euclidean AdASBH,, metric

(0 T— Q (VAT @0 Aw Ak

i G
where e




Boundary : >
4VM/ HSwv
VMon SIxRY - >
[Klebanov
Euclidean AdASBH,, metric
A = "2 VAT QU Ap

s g
where e

Bulk

HS on AdSBH

Question

Can we reproduce this BH geometry
from a free VM on Stx ¢ ?

T e R R e R R e R G R T e R e

Vector—ModeI/ngher Spin duality

d+1

{
Hi




Free scalars at finite T and holographic space

[Aoki- Onogi
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(0" (21)0"(22))0 ~

L] Mossetbostinscteiiil e
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Free real scalars on 8x Ro-1

(2pt function at finite temperature)

Free flow equation
5(11)

=2
[TTZQ] 2

> (" (m13t1) " (wasta)ho =

) {
égba(at:;t) 0204 (2ot =20 (B0 )
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Free real scalars on 8x Ro-1

Prop (2pt function at finite temperature)

Free flow equation

| i D2 2.
L ' b 5 12
DI SR BOL ) L O s e —> G) (.T it )(D (.T S )> 3 f‘g () ]
(9 (21)9"(22)) R (0% (213t 2; t2 RS =
a N2 La 1 LA
S! cpt =0 (1) = 0°0" (x;1),  &"(x;0) = ¢ (x), St cpt
v 5

(6 (2", D) " (4°, 7)) Free flow equation (0% (22, Z; )0 (4°, 72 5))r

o0 T —> v = =~ : Tl

Z (p%(z°, D) (y° + = T J)>0. = Z (0%(2°, Z; )" (y° + 7Y $))o-

R S'cpt Sl

v

WD & 1

%o () %60) %o | Q




where

Free real scalars on 8x Ro-1

Def. (Normalized operator)

e e A

Def. (Metric of the holographic space)

N

gun(X) = Z@Mtfa(iﬂoz T t)ono" (2, T5t))r,

i |

Result
goo(X) :Lj};c’ ; [F(d, z) — zfiF(d; z)] :
o0 :Légs 2 p-2,5) - Lo L P -2, + ] (zd—%
9i5(X) 5@%%{}7(& )3

1 ¢
F(sjw)—/ dvv*/?71 6 (e‘f—) O3(q) :=1+2Y ="
0




L e e e L s T TR A s L T I i s b s R R S S G i A R R G i T s wan st O T el e b it Lt T LR R b e LR i

Free real scalars on 8x Ro-1

(Asymptotic behavior)

Lﬁs.d':':- Lﬁdq L%qu
{J{]{]{X} -2 f( ):u gTT{X) - T2 f'r( ):u ﬂt’j(x) :515} 2 f( }

In the small 2z region, we have

folz) = 1—2%d—1)Ay — d (1 — zi) dFuv (d, z) .

2 0z
{2 1-2) 1 1 ’
fr(z) = 1+ zd—E(f . )Ad_ﬁ — ((f > ) _ 53% -+ 1 (E%) ) aFuv(d — 2,3),
f(2) = 14 2= S6Foy (d.2). A, = (4/d)3sT(s/2)C(s)

In the large z region, we obtain

fo(z) = 2(1—3%) 5 Fin(d, 2)

[dm (2d — 5 1 d 1 d\?

f-(z) = =z y (Qd—ﬁ)—l_ﬁ((d_g)_za —( 33) )EFIH{d—Q z),
A d d

fi(z) = zy/ y (d_l)—l-iéFm_{d,z}.
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2
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Free real scalars on 8x Ro-1

(Asymptotic behavior)

2
fol), 9 (X) = (), gy (X) = 6,208 £ (o)

In the small 2z region, we have

folz) = 1—zd(d—1)m—§(1—i) 5Fuov (d, 7).

Jz

! f-(z) =|1Hz

d—z(d_z)ﬂd_g | ((d_g) — 13E+ % (zﬂ)z) 0Fuv(d —2,2),

filz) =1+ A,

- CoFuy (d. ). A, = (4/d)£sT(s/2)(s)

' Asymptotic AdSBH!! * higher spin matter? * Quantum effect?

In the large z region, we obtain

fo(z) = d (1 — zﬂ) 0Fr(d, z)

£(2) = z\/f(gjj) + ((d ~2) —za—i +o (Ea_i)g) SFin(d —2,2).

filz) = z\/f(df 1) + gaFm_(d, 2).
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1. Asymptotic ASBH!

2. No horizon!! (Un-smeared information is less and less.)
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Free real scalars on 8x Ro-1

(Asymptotic behavior of matter energy momentum tensor)

> P 5
At small 2z, we have
T%(z) ~ —(d—1)Bz""?, B = -2 Ag_z,
2 Lﬂdﬂ
KT (2) ~ —d(d; D B2 RBT(z) ~ —0;(d — 1)Bz%2,

In the large z region, we obtain

2

270 1L dld-1) (0 (d—3)(d+?2) l)
T{]ﬂ( ) Lidg 2 (1 4{2!’5 — 5}@3 ]
1 2(d—1)(d — 3)7* KT (2) ~ § 1 16(d—3)x"

2T :
T ~ " .
" (2) TL2 o d(2d — 5}\.«“?1'1',{3

Lidg (Qd — 5} \% wd .




Free real scalars on 8x Ro-1

3. No curvature singularity!! 33}. Milder curvat
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3. No curvature singularity!! 33}. Milder curvat

Question
How to evaluate the energy of this geometry?




3. No curvature singularity!! 33}. Milder curvat

Question
How to evaluate the energy of this geometry?

Standard: Quasi-local energy. (Energy defined locally on asymptotic region of spacetime)

.0 «Oe+ GH term + conterterm?  Surfaceintegral’ cannot be pi

i
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Free real scalars on 8x Ro-1

3. No curvature singularity!!

Question
How to evaluate the energy of this geometry?

Standard: Quasi-local energy. (Energy defined locally on asymptotic region of spacetime)

b e

Q woe+ GH term + conter term?

Volume integral? . QY e Q&Y e

120 —
100 —
a0 —
50 —
40 —

20+

=
— T T T

a

|
0.2

CQwYe

]
U4

Mi

Surface integral’

Ve

der

cannot

Precise form?
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Conserved charges in general relativity

[Aoki- Onogt

Question

What is a precise definition of energy in GR?

QWY e . wY e . QwYe Ve
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Proposal

[Aoki- Onogt

A precise definition of energy available in ageneral D-dim curved spacetime

000 o ==Y




Proposal

[Aoki- Onogt
A precise definition of energy available in ageneral D-dim curved spacetime

OO oy Pa=Y

A [conserved] charge associated with a [Killing] vector

0 L Q  w/QY,
i Voo () + Vo) = 0




Proposal

[Aoki- Onogt
A precise definition of energy available in ageneral D-dim curved spacetime

O i gy

A [conserved] charge associated with a [Killing] vector

0 L Q  w/QY,
i Voo () + Vo) = 0

Q1. Was this known?

Formally, yes. V. Fock, The Theory of Space, Time and GravitatiofPergamon Press, New York 1959)

The quantity I = / T”Ogom/ —gdxidzodxs will be constant, -- -, if the vector

¢, satisfies the equation V, ¢, + V ¢, = 0.
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Proposal

[Aoki- Onogt
A precise definition of energy available in ageneral D-dim curved spacetime

OO oy Pa=Y

A [conserved] charge associated with a [Killing] vector

0 L Q  w/QY,
i Voo () + Vo) = 0

Q1. Was this known?

Formally, yes. V. Fock, The Theory of Space, Time and GravitatiofPergamon Press, New York 1959)

The quantity I = / T “Ogom/ —gdzridrodxs will be constant, - - -, if the vector
¢, satisfies the equation V,¢, + V 0, = 0.

Q2. Then whatls new?

Our claim is this definition can be applied to generic spacetime including BH

(This definition has been forgotten and not been well studied for some reason.)
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Evidence =
Aoki- Onogt

Let us compute mass of the Schwarzschild ((A)dS)BH.

Einstein equation R, — %QN,R + Mg = 0.

Sch BH solution ds® = — f(r)(dz")? + dr? + r*g;;dz' dx

1
fir)

where flr) = —2Ar +k — M m_E]Rt'j — [d_gjkﬁfj

(d—2)(d—1) a3
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Evidence -
Aoki- Onogt

Let us compute mass of the Schwarzschild ((A)dS)BH.

1
Einstein equation R, — §gm,ﬁ'. + Ag = 0.
Sch BH solution ds® = — f(r)(dz")* + flfl ]Eﬁ-? 4+ Tﬂﬁijdfﬁj
r
A C2GNM (d-2V R — (] — i
where f[r]_l:d_gj(d_lj-l—k—m. i I: 3) ﬂ:j
a Killi,ng1vec tTherenergyisconserved.” Energy = Mass

E= [ a7 /Rl-T%)

where the matter energy momentum tensor is

1 1
mer N ﬁgawﬂ T ﬂg“,,]

T-:u.!r

- 8?1'(:1;4
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Aoki- Onogt

Let us compute mass of the Schwarzschild ((A)dS)BH.

1
Einstein equation R, — ﬁgm,ﬁ. + Mg = 0.
Sch BH solution ds® = — f(r)(dz")* + flfl ]drﬂ 4+ rﬂﬁijdfidiﬂj
r
B —2Ar? - 2GNM {J—E]R__ — (d—3ka. .
where f[r]_l:d_gj(d_lj-l—k—m. i I: 3) Q‘:J

x a Kil l i ng1vectTaerenergyisconserved.” Energy=Mass

£ [# a-T

where the matter energy momentum tensor is

1 1
T [’R“u — §E}’gwR + ﬂg,“,]

||.i|!-" Bﬂ(;‘w

Does this vanish since there is no matter in EOM and BH iIs a vacuum solution?

L

Our answer iIsSNO! T, \vanishes except singularityl  Cf. electron in electromagnetism.
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Evidence

The quickest way to see this
IS to compute energy momentum tensors including contribution of singularity

RY%, = —Wdr (r*20,f(r)) = R",.,

i ;| (d—3)k |
iy =9 { T mdr (r ﬁf':?‘n

[Aoki- Onogt
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Evidence

The quickest way to see this
IS to compute energy momentum tensors including contribution of singularity

[Aoki- Onogt

1 Y
R[][] — :"r”l 5 f'.-' [: “I gdjf(f“:l:] —
c o a[d=3k 1
5 Q ¢ : ,
y p 0@ Ol o 1 Q)
where PO

) E = /dd 1 3 .-"Ll;r lﬂ (I d_:iﬁf;} :Pvd—ﬂ

where V.:I—g = frid_z-r |G| po= (ri — E]JH;'(B?T]

This result matches the known result computed by other method.
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Volume-integration path

Eddington-Finkelstein coordinate (No horizon)

Q @)D ¢QL QI "Q 'Qw

O i Finkelstein diagram

r=0:

singularity
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Evidence

The charged (ReissnetNordstrom) ((A)dS)BH.

[Aoki- Onogt

1 I MN
EOM Gun + gunvA =-‘=62(—4—§MNFSRFSR + g®FyrFys) ‘/E@M( Vi0glF™" ") =0

1 ) S
RN BH solution ds? = — f(r)(dz")? + deE + g deided Ay = (-5 + )0

2 2 B B
e f=r—+k— m Q) 1 B A 2=D 352!12

L2 e e L (D —2)(D-1)/2’ D —2




Evidence

[Aoki- Onogt
The charged (ReissnetfNordstrom) ((A)dS)BH.
1 | .
EOM Gun + guvAA =52(_ZQMNFSHFSH + _G‘HSFMHFNS) _\/Hdﬁf('\/@}ﬂm) =0
1 ) s
RN BH solution ds® = — f(r)(dz")* + ) dr® + rzgijdr‘dfv’ Ay = (—rf_g + Ti?_g)fﬂf
where L m Q" 1_ —A o _D—3 5,
I=pth- = tery T monomonez ¢ T Dp-2" ¢
x a Kil ling 1vectTherenergy isconserved.” Energy = Mass
E= / 4113 /Tgl(~T%).
i 1 1
where the matter energy momentum tensor is T,, = . (R, — ngﬂ + Agu)

This diverges as seHenergy of an electron does Iin

electromagnetism.
We subtract the divergent contribution of the charged part.

e = d=2  a
E:—/d“E Ly *a”ﬂmf}r [r‘f ) = pViy_s

This result matches the known result computed by other method.
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Evidence

The BTZ BH.

[Aoki- Onogt

1
Einstein equation Ry — ﬁﬂpL—R + Ag = 0.

BTZ BH solution  ds = —f(r)de? + %drz +r2(d— w(r)dt)? w(r) =

’.if"E _TE JE
UL f(r) = 75 = 2GNM(r) + =

4re




Evidence

[Aoki- Onogt
The BTZ BH. ;;
1
Einstein equation R,uar - ig,lurR + ﬂg;ﬂ: = ). l
BTZ BH solution ds? = — f(r)dt? + —~dr? + r2(d¢ — w(r)dt)? w(r) = Gy J
fir) 212
2 ¥ 2
h _r Y G/
where flr) = 77~ 2G Ny MO(r) + o
x a Kil li ng1v e ctheehergy (=Mass) is conserved. E = frid_lf«,f|g|(—i”{}{}]:
A - o G e R o vV e i . 2 0
g CTHe @rigular momentum is conserved. P, _/d 7 f|g|T 5
Energy momentum tensors: a 5@ 01 ' ¢OuL —
Y 0 ¢ O l'|' | 1 =4
) M —
= M Py = 3

This result matches the known result computed by other method.
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New result?

' Correction to known mass formula for a compact star

[Aoki- Onogt ,

Ansatz: Stationary spherically symmetric  ds® = — f(r)(dz")? + h(r)dr* + r*§;;d="dz’ |

TOG =-—p(r), T

4

Toleman-Oppenheimer-Volkoff equation

Matter stress tensor-> perfect fluid

Td_l

(d—2)M(r)

dP(r)
dr

GaM(r)

rd—2

Inside the star: (P(r) + p(r)) h(r) {d — 3+ (87rP(7“) =
2Ar?

(d—2)(d—1)

1 o= 2(;dﬂ4(T)

— =k
Td_3

h(r) L

where
d

At the surface:

P(r)|,._g =0

Outside the star: | NN
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i /dssde(s)
=9/

. M(0)=0




